7 4 Practice Solving Logarithmic Equations
And Inequalities

7 4 Practice Solving Logarithmic Equations and Inequalities Understanding how to solve logarithmic equations and
inequalities is fundamental in algebra and advanced mathematics. These problems often appear in various contexts, including
exponential growth models, decay processes, and real-world applications such as finance, biology, and engineering. Practice is
essential to master the techniques required to simplify and solve these types of problems effectively. This article provides a
comprehensive guide on 7 4 practice solving logarithmic equations and inequalities, helping students and enthusiasts
strengthen their skills through detailed explanations, step-by-step procedures, and practical examples.

Understanding Logarithmic Functions and Their Properties

Before diving into solving equations and inequalities, it's important to review the basic concepts and properties of logarithms.

What is a Logarithm?

A logarithm is the inverse operation of exponentiation. For a positive number \(a \neq 1\) and a positive real number \(x\), the
logarithm base \(a\) of \(x\) is denoted as: \[ \log_a x \] which satisfies: \[ a~{\log_a x} = x\]

Common Logarithm Properties

The following properties are essential tools when manipulating logarithmic expressions:

Product Property: \(\log_a (xy) =\log_a x + \log_a y\)

Quotient Property: \(\log_a \left(\frac{x}{y}\right) = \log_a x - \log_a y\)

Power Property: \(\log_a (x"k) = k \log_a x\)

Change of Base Formula: \(\log_a x = \frac{\log_b x}{\log_b a}\), for any base \(b > 0, b \neq 1\)
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Understanding these properties allows you to simplify and manipulate complex logarithmic expressions, which is crucial when
solving equations and inequalities.

7 Practice Problems for Solving Logarithmic Equations

Practicing various types of logarithmic equations enhances problem-solving skills. Below are seven exercises with solutions and
explanations.

1. Solving Basic Logarithmic Equations

Problem: Solve for \(x\): \[ \log_2 x = 5\] Solution: Using the definition of logarithm: \[ x = 2"~ {5} = 32 \] Answer: \(x = 32\)

2. Solving Equations Using the Exponential Form

Problem: Solve for \(x\): \[ \log_3 (x - 4) = 2 \] Solution: Rewrite in exponential form: \[ x-4 =3"{2} = 9\[\[ x =9 + 4 = 13\]
Answer: \(x = 13\)
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3. Solving Logarithmic Equations with Multiple Logarithms

Problem: Solve for \(x\): \[ \log_5 x + \log_5 (x - 4) = 2'\] Solution: Use the product property: \[ \log 5 [x(x - 4)] = 2\] Rewrite in
exponential form: \[ x(x - 4) = 5~{2} = 25\]\[ x~ {2} - 4x = 25 \] Bring all to one side: \[ x~{2} - 4x - 25 = 0\] Solve using
quadratic formula: \[ x = \frac{4 \pm \sqrt{(-4)"2 - 4 \times 1 \times (-25)}} {2} \] \[ x = \frac{4 \pm \sqrt{16 + 100}}{2} =
\frac{4 \pm \sgrt{1163} }{2} \]\[ x = \frac{4 \pm 2\sqrt{29}}{2} = 2 \pm \sqrt{29} \] Since logarithm arguments must be
positive: \[ x > 0 \quad \text{and} \quad x - 4 > 0 \implies x > 4 \] Calculate approximate values: \[ 2 + \sqrt{29} \approx 2 +
5.39 =7.39 > 4\] OK\[ 2 - \sqrt{29} \approx 2 - 5.39 = -3.39 < 0\] discard Answer: \(x = 2 + \sqrt{29}\)

4. Solving Exponential-Logarithmic Equations

Problem: Solve for \(x\): \[ 2~ {x} =\log_2 (x) \] Solution: This equation involves both exponential and logarithmic functions. It's
often best to analyze graphically or numerically, but algebraic techniques include substitution. Let \( y = \log_2 x \Rightarrow x =
2~{y} \) Substitute into the equation: \[ 2~ {2~ {y}} = y \] This is a transcendental equation and typically requires numerical
methods or graphing to find solutions. Alternative Approach: Check for solutions by estimation: - For \(x = 2\): \[ 2~ {2} = 4;
\quad \log_2 2 = 1\] Not equal. - For \(x = 4\): \[ 2~ {4} = 16; \quad \log_2 4 = 2 \] Not equal. - For \(x= 16\): \[ 2"~ {16} =
65,536; \quad \log_2 16 = 4 \] Not equal. Thus, no simple algebraic solution; numerical methods or graphing are recommended.

5. Solving Logarithmic Inequalities

Problem: Solve for \(x\): \[ \log_3 (x - 2) \geq 2 \] Solution: Rewrite in exponential form: \[ x - 2 \geq 3~{2} = 9\]\[ x\geq 11 \]
Domain restriction: \[ x - 2 > 0 \Rightarrow x > 2 \] Since \(x \geq 11\) satisfies \(x > 2\), the solution set is: Answer: \(x \geq 11\)

6. Solving Compound Logarithmic Inequalities

Problem: Solve for \(x\): \[ \log_2 x - \log_2 (x - 1) > 1\] Solution: Use the quotient property: \[ \log_2 \left(\frac{x}{x - 1}\right) >
1\] Rewrite in exponential form: \[ \frac{x}{x - 1} > 2~ {1} = 2 \] Multiply both sides by \(x - 1\), noting that \(x - 1 > 0\)
(domain restriction): - For \(x - 1 > 0\), \(x > 1\). Assuming \(x > 1\): \[ x > 2 (x - 1) \]\[ x > 2x - 2\]\[ -x > -2 \] \[ x < 2 \] Now
combine with the domain \(x > 1\): \[ 1 < x < 2 \] Check the boundary points: - At \(x=1.5\): \[ \frac{1.5}{0.5} =3 \]\[ \log_2 3
\approx 1.58 > 1\] True. - At \(x=2\): \[ \frac{2} {1} = 2\]\[ \log_2 2 = 1], inequality is strict (>), so \(x=2\) is not included.
Answer: \(1 < x < 2\)

7. Combining Logarithmic Equations and Inequalities

Problem: Solve for \(x\): \[ \log_2 (x"2 - 3x) = 3 \] Solution: Rewrite in exponential form: \[ x~2 - 3x = 2"~ {3} = 8\] Set equal to
zero: \[ X2 - 3x - 8 = 0\] Solve quadratic: \[ x = \frac{3 \pm \sqrt{(-3)"2 - 4 \times 1 \times (-8)}}{2} \] \[ x = \frac{3 \pm
\sqrt{9 + 32} }{2} = \frac{3 \pm \sqrt{41}}{2} \] Approximate roots: \[ x \approx \frac{3 \pm 6.4}{2} \] - \( x \approx \frac{3 +
6.4}{2} =\frac{9.4}{2} = 4.7\) - \( x \approx \frac{3 - 6.4}{2} = \frac

7 4 practice solving logarithmic equations and inequalities is an essential skill for students aiming to deepen their understanding
of algebra and exponential functions. Logarithmic equations appear frequently in various mathematical contexts, including
exponential growth and decay, sound intensity, pH calculations, and more. Mastery of solving these problems not only enhances
algebraic proficiency but also builds a solid foundation for calculus and advanced mathematics. In this comprehensive guide,
we'll walk through the fundamental concepts, strategies, common pitfalls, and practice problems to help you confidently
navigate solving logarithmic equations and inequalities.

Understanding Logarithms: The Building Blocks

Before diving into solving equations and inequalities, it’s crucial to understand what logarithms are and how they relate to



exponents.
What Is a Logarithm?

A logarithm is the inverse operation of exponentiation. It answers the question: To what power must a base be raised to obtain a
given number?

Mathematically, if:
\[a~x =Db\]

then:

\[\log_a b = x\]
where:

1. \(a\) is the base (positive, not equal to 1),
2. \( b\) is the result (positive),
3. \( x\) is the logarithm (exponent).

Key Properties of Logarithms

Familiarity with these properties simplifies solving equations:
1. Product Rule:

\(\log_a (xy) = \log_a x + \log_a y\)

1. Quotient Rule:

\(\log_a \left( \frac{x}{y} \right) = \log_a x - \log_a y\)

1. Power Rule:

\(\log_a (x"~k) = k \log_a x\)

1. Change of Base Formula:

\(\log_a b = \frac{\log_c b}{\log_c a}\)

Strategies for Solving Logarithmic Equations

When approaching logarithmic equations, follow a systematic strategy:
Step 1: Simplify the Equation

1. Use the properties of logs to combine or expand expressions.
2. Convert complex logarithmic expressions into simpler forms.

Step 2: Isolate the Logarithmic Expression

1. Get the logarithmic part alone on one side of the equation.

Step 3: Rewrite as an Exponential Equation

1. Convert the logarithmic form into its exponential form to solve for the variable.
Step 4: Solve for the Variable

1. Solve the resulting algebraic equation.
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Step 5: Check for Extraneous Solutions

1. Logarithms are only defined for positive arguments; ensure solutions do not make the argument of any log zero or negative.
Solving Logarithmic Equations: Step-by-Step Examples
Example 1: Solving a Simple Logarithmic Equation

Solve for \( x \):

\[\log_2 (x) = 3\]

Solution:

1. Convert to exponential form:

\[x=273\]

1. Simplify:

\[ x =81\]

1. Check: Since \( x = 8\), and \(\log_2 8 = 3\), the solution is valid.
Answer: \( x = 8)

Example 2: Solving a Logarithmic Equation with Multiple Logs
Solve for \( x \):

\[\log_3 (x) +\log_3 (x - 2) = 2\]

Solution:

1. Use the product rule:

\[\log_3 [x(x - 2)] = 2\]

1. Rewrite as exponential:

\[x(x -2)=372\]

\[ x™2-2x=91]

1. Rearrange:

\[x~2-2x-9=0\]

1. Solve quadratic:

\[ x = \frac{2 \pm \sqrt{(-2)"2 - 4 \times 1 \times (-9)}}{2} \]
\[ x = \frac{2 \pm \sqrt{4 + 36}}{2} \]

\[ x = \frac{2 \pm \sqrt{40}}{2} \]

\[ x =\frac{2 \pm 2\sqrt{10}}{2} \]

\[ x =1\pm\sqrt{10} \]

1. Check the domain:

1. \(x>0\),and \( x - 2 > 0 \Rightarrow x > 2\).



1. \(x =1+ \sqrt{10} \approx 1 + 3.16 = 4.16\), which is > 2 — valid.
1. \(x=1-\sqrt{10} \approx 1 - 3.16 = -2.16\), negative, discard.
Answer: \( x = 1 + \sqrt{10} )

Solving Logarithmic Inequalities: Approach and Examples

When dealing with inequalities, the key is to understand the domain restrictions posed by the logarithms and to manipulate the
inequality carefully.

General Approach:

1. Identify the domain restrictions:

Logarithms require positive arguments, so any expression inside the log must be > 0.
1. Rewrite the inequality:

Use logarithm properties to combine or expand.

1. Convert logs to exponential form:

When possible, turn the inequality into a polynomial or algebraic inequality.
1. Solve the resulting inequality:

Use algebraic methods (factoring, quadratic formula, etc.).

1. Check solutions against domain restrictions:

Discard any solutions that make the argument of a log zero or negative.
Example 3: Solving a Logarithmic Inequality

Solve for \( x\):

\[\log_2 (x-1) > 31\]

Solution:

1. Domain:

\[ x- 1 > 0\Rightarrow x > 1]

1. Rewrite as exponential:

\[x-1>2731\]

\[x-1>8\]

\[x>91\]

1. Consider the domain restriction:

\[ x > 9\] is compatible with \( x > 1\).

Answer: All \( x \) such that \( x > 9\).

Example 4: More Complex Logarithmic Inequality

Solve for \( x \):
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\['\log_3 (x + 2) \leq \log_3 (x - 1) \]

Solution:

1. Domain restrictions:

1. \( x + 2 > 0 \Rightarrow x > -2'\)

1. \(x-1> 0\Rightarrow x > 1)

1. Since the logs are of the same base (and base 3 > 1), the function is increasing, so:
\[\log_3 (x + 2) \leg \log_3 (x - 1) \Rightarrow x + 2 \leq x - 1 \]
1. Simplify:

\[x+2\legx-1\]

\[ 2 \leq -1\]

which is false, so no solutions.

1. But considering the domain, the only possibility is when the inequality holds. Since the inequality reduces to a false
statement, the solution set is empty.

Answer: No solutions in the domain \( x > 1\).

Common Pitfalls and Tips

1. Ignoring the domain restrictions: Always check that the arguments of logarithms are positive after solving.

1. Misapplying properties: Be cautious with the change of inequalities, especially when dealing with logs of variables less than 1.
1. For inequalities involving logs of different bases: Convert to a common base or compare arguments carefully.
1. Extraneous solutions: Solutions that satisfy the algebraic manipulation but violate the domain are invalid.
Practice Problems

To reinforce your understanding, try solving these problems:

1. Solve for \( x\):

\[\log 5 (x~2-4)=2\]

1. Solve the inequality:

\[\In (x +3) > 1]

1. Solve for \( x\):

\[ 2\log_2 (x) +\log_ 2 (x - 1) = 4]

1. Determine the solution set for:

\[\log_4 (x + 5) \leq 2 \]

1. Solve for \( x\):

\[ \log_x 81 =4]

Final Tips for Mastery



1. Practice regularly: The more you work with logarithmic equations, the more intuitive they become.

1. Understand the properties deeply: They are powerful tools for simplifying complex problems.

1. Check your solutions: Always verify that your solutions satisfy the original equation or inequality, especially considering
domain restrictions.

1. Use a calculator wisely: For non-integer bases or to approximate solutions, calculators can be helpful.

1. Seek additional resources: Use graphing tools to visualize equations and inequalities, which can deepen understanding.

Conclusion

7 4 practice solving logarithmic equations and inequalities involves mastering the properties of logarithms, understanding

domain restrictions, and carefully transforming and solving the equations. By following systematic strategies, practicing a variety

of problems, and being mindful of potential pitfalls, students can develop confidence and proficiency in handling these important

algebraic concepts. Remember, logarithms are not just abstract functions

Questions & Answers About 7 4 practice solving logarithmic

equations and inequalities

inequalities involving logs and
polynomials?

No Question Answer
1 What is the first step in solving a The first step is to combine the logarithms using the product property:
logarithmic equation like log(x) + log(x - log(a) + log(b) = log(ab). So, log(x(x - 3)) = 2.
3)=2?
2 How do you solve a logarithmic equation Convert the logarithmic equation to its exponential form. For example, if
after combining the logs? log(x”2 - 3x) = 2, then x*2 - 3x = 10”2 = 100.
3 What should you check after solving a Always check for extraneous solutions by substituting the solutions back
logarithmic equation? into the original equation, ensuring the arguments of all logarithms are
positive.
4 How do you approach solving inequalities | Rewrite the inequality in exponential form: x > 1071, which simplifies to x
involving logarithms, such as log(x) > 17 > 10, then check the domain restrictions (x > 0).
5 What is the domain restriction when The arguments of all logarithms must be positive, so for log(x), x > 0; for
solving logarithmic equations? log(x-3),x-3>0,s0x>3.
6 Can you solve log(2x + 5) = 3 directly by | Yes, convert to exponential form: 2x + 5 = 10”3 = 1000, then solve for x:
isolating x? 2x = 995, so x = 497.5. Always check that x satisfies the domain
restrictions.
7 How do you solve compound logarithmic Since the logs are on the same base and the inequality is strict, you can
inequalities, such as log(x) < log(2x - 4)? compare the arguments: x < 2x - 4. Solve for x, considering domain
restrictions (x > 0 and 2x - 4 > 0).
8 What common mistake should be avoided | Avoid forgetting to check for extraneous solutions and ignoring the domain
when solving logarithmic equations? restrictions, especially when raising both sides to an exponential power.
9 How can you verify your solution to a Substitute your solution back into the original equation to ensure both
logarithmic equation? sides are equal and that the arguments of the logs are positive.
10 | What is an effective strategy for solving Express the inequality in exponential form or as a polynomial inequality

after isolating the logarithm, then analyze the sign of the polynomial
considering the domain restrictions for the logs.
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