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Stochastic Calculus For Finance Ii
Continuous Time Models

Stochastic Calculus for Finance II: Continuous Time
Models

Introduction

Stochastic calculus for finance II: continuous time models is a fundamental area
of quantitative finance that provides the mathematical framework needed to model and
analyze the dynamic behavior of financial markets. As financial instruments and markets
have grown increasingly complex, the need for sophisticated mathematical tools has
become paramount. Continuous time models, which treat asset prices as evolving
continuously over time, enable traders, risk managers, and researchers to develop more
accurate pricing models, hedging strategies, and risk assessment techniques. This
branch of mathematical finance builds upon the foundational concepts of stochastic
processes, particularly Brownian motion and martingales, to formulate models that
reflect the inherent randomness in asset prices. It plays a crucial role in the
development of derivative pricing theories such as the Black-Scholes model, as well as in
the broader context of risk management, portfolio optimization, and financial
engineering. In this article, we will explore the core principles of stochastic calculus as
applied to continuous time financial models, covering essential topics such as stochastic
integrals, Itô’s lemma, stochastic differential equations, and their applications in
finance.

Fundamental Concepts in Continuous Time Financial
Models

Stochastic Processes and Brownian Motion

At the heart of continuous time models are stochastic processes, which describe the
evolution of variables that are inherently random over time. The most prominent
example in finance is Brownian motion (Wiener process), denoted as \(W_t\): - Properties
of Brownian motion: - \(W_0 = 0\) - \(W_t\) has independent increments - \(W_t - W_s \sim
N(0, t-s)\) for \(t > s\) - Paths are continuous but nowhere differentiable Brownian
motion models the unpredictable component of asset prices, capturing the randomness
observed in markets.



Martingales and Filtrations

Martingales are stochastic processes that model “fair game” scenarios, where the
expected future value, conditional on the current information, equals the present value.
Formally, a process \(M_t\) is a martingale with respect to filtration \(\mathcal{F}_t\) if:
\[ E[M_t | \mathcal{F}_s] = M_s \quad \text{for all } t \geq s \] Filtrations
\(\mathcal{F}_t\) represent the information available up to time \(t\). Martingales are
central in financial mathematics because they underpin the concept of no arbitrage and
fair pricing.

Stochastic Calculus: The Mathematical Toolbox

Stochastic Integrals

A core concept in stochastic calculus is the stochastic integral, which generalizes the
classical Riemann integral to integrals involving stochastic processes. - Itô integral: For
a process \(X_t\) adapted to the filtration \(\mathcal{F}_t\), the stochastic integral with
respect to Brownian motion \(W_t\) is written as: \[ \int_0^t X_s \, dW_s \] - Key features:
- Linear in \(X_s\) - Well-defined for adapted processes satisfying certain integrability
conditions - Crucial for modeling the accumulation of stochastic effects over time This
integral allows us to model the evolution of asset prices driven by stochastic noise.

Itô’s Lemma

Itô’s lemma is the stochastic calculus counterpart of the chain rule in classical calculus.
It provides a way to find the differential of a function \(f(t, X_t)\) where \(X_t\) follows a
stochastic process. Itô’s lemma states: \[ df(t, X_t) = \frac{\partial f}{\partial t} dt +
\frac{\partial f}{\partial X} dX_t + \frac{1}{2} \frac{\partial^2 f}{\partial X^2}
(dX_t)^2 \] In stochastic calculus, \((dX_t)^2\) is not negligible and is replaced by \(dt\)
when \(X_t\) has a Brownian component. This lemma is instrumental in deriving
differential equations governing option prices and other derivatives.

Stochastic Differential Equations (SDEs)

SDEs describe the dynamics of stochastic processes, often modeling asset prices or
interest rates. They take the form: \[ dX_t = \mu(t, X_t) dt + \sigma(t, X_t) dW_t \] where:
- \(\mu(t, X_t)\) is the drift term (expected rate of change) - \(\sigma(t, X_t)\) is the
volatility term (diffusion coefficient) Solutions to SDEs provide the probabilistic
evolution of financial variables over time.

Application of Stochastic Calculus in Continuous Time
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Financial Models

Modeling Asset Prices

The most common continuous time model for asset prices is the Geometric Brownian
Motion (GBM): \[ dS_t = \mu S_t dt + \sigma S_t dW_t \] - \(S_t\): Asset price at time \(t\)
- \(\mu\): Expected return - \(\sigma\): Volatility The solution to this SDE is: \[ S_t = S_0
\exp\left( \left(\mu - \frac{\sigma^2}{2}\right)t + \sigma W_t \right) \] This model forms
the foundation of the Black-Scholes framework for option pricing.

Option Pricing and the Black-Scholes Model

Using stochastic calculus, the Black-Scholes model derives a partial differential equation
(PDE) for the price \(V(t, S_t)\) of a European option: \[ \frac{\partial V}{\partial t} + r S
\frac{\partial V}{\partial S} + \frac{1}{2} \sigma^2 S^2 \frac{\partial^2 V}{\partial
S^2} - r V = 0 \] where: - \(r\): Risk-free interest rate By applying Itô’s lemma and risk-
neutral valuation, the model determines the fair value of options and other derivatives.
The classical Black-Scholes formula is a closed-form solution obtained from this PDE.

Risk-Neutral Measure and Martingale Pricing

A key insight in continuous time finance is the concept of a risk-neutral measure \(Q\),
under which discounted asset prices are martingales. This measure simplifies the
pricing of derivatives: - Under \(Q\): The discounted asset price process satisfies: \[
d\tilde{S}_t = \sigma \tilde{S}_t dW_t^Q \] - Pricing formula: \[ V_0 = e^{-rT}
E^Q[\text{Payoff at } T] \] This approach formalizes the idea that in a no-arbitrage
market, one can price derivatives as the discounted expectation of their payoffs under
the risk-neutral measure.

Advanced Topics in Continuous Time Stochastic
Calculus for Finance

Stochastic Volatility Models

While the Black-Scholes model assumes constant volatility, real markets exhibit
stochastic volatility. Models like the Heston model introduce an additional SDE for
volatility: \[ dv_t = \kappa (\theta - v_t) dt + \xi \sqrt{v_t} dW_t^v \] where: - \(v_t\):
Variance process - \(\kappa\): Mean-reversion speed - \(\theta\): Long-term variance -
\(\xi\): Volatility of volatility These models better capture market phenomena such as
volatility clustering and smile effects.



Jump-Diffusion Models

To incorporate sudden market jumps, models combine Brownian motion with Poisson
processes: \[ dS_t = \mu S_t dt + \sigma S_t dW_t + S_{t-} dJ_t \] where \(J_t\) models
jump events. These models are useful for capturing rare but impactful market moves.

Hedging Strategies and Replication

Stochastic calculus enables the formulation of hedging strategies through continuous
rebalancing of portfolios. The famous delta hedging involves adjusting holdings in the
underlying asset to offset changes in option value: \[ \text{Hedging portfolio} = \Delta
S_t + \text{bond position} \] This approach relies on the ability to compute derivatives
of the option price with respect to the underlying asset, made possible through
stochastic calculus techniques.

Conclusion

The field of stochastic calculus for finance in continuous time models provides a rigorous
mathematical foundation for understanding and modeling the dynamics of financial
markets. From basic models like geometric Brownian motion to advanced stochastic
volatility and jump processes, these tools enable practitioners and researchers to
develop accurate pricing models, effective hedging strategies, and robust risk
management techniques. Mastering stochastic calculus is essential for anyone involved
in quantitative finance, as it bridges the gap between real-world market complexities
and mathematical modeling. As markets evolve and new financial instruments emerge,
the importance of these mathematical frameworks will only continue to grow,
underscoring their central role in modern finance.

Stochastic Calculus for Finance II: Continuous-Time Models Stochastic calculus forms
the mathematical backbone for modern quantitative finance, especially in modeling
financial markets that evolve continuously over time. Building upon foundational
concepts introduced in stochastic calculus, the second part of the series—Stochastic
Calculus for Finance II—delves deeper into continuous-time models, providing essential
tools for understanding derivative pricing, risk management, and dynamic hedging. This
comprehensive review will explore the core concepts, mathematical frameworks, and
practical applications that underpin this field.

Introduction to Continuous-Time Financial Models

In finance, modeling asset prices accurately is crucial for valuation, hedging, and risk
assessment. Continuous-time models assume that asset prices evolve in a continuous
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manner, driven by stochastic processes that capture market randomness. These models
are preferred for their flexibility and analytical tractability, particularly when dealing
with derivatives and complex financial instruments. Key motivations for continuous-time
modeling include: - Capturing the real-time evolution of prices. - Enabling the use of
advanced calculus tools. - Facilitating the derivation of closed-form solutions for
derivative prices. - Providing a framework for dynamic trading strategies. The classic
example of a continuous-time model is the Geometric Brownian Motion (GBM), which
underpins the Black-Scholes model.

Core Mathematical Foundations

Stochastic Processes and Brownian Motion

At the heart of continuous-time models lies the concept of Brownian motion (or Wiener
process), a continuous-time stochastic process characterized by: - Properties: - \( W_0 =
0 \) almost surely. - Independent increments: \( W_{t+s} - W_t \) is independent of the
past. - Stationary increments: distribution of \( W_{t+s} - W_t \) depends only on \( s \). -
Normally distributed increments: \( W_{t+s} - W_t \sim N(0, s) \). - Almost sure
continuous paths. Brownian motion models the unpredictable, continuous shocks in
asset prices. Extension to other processes: - Martingales: processes with fair game
properties. - Itô processes: adapted processes expressed as integrals with respect to
Brownian motion plus drift terms.

Itô Calculus

Itô calculus extends classical calculus to stochastic processes, allowing differentiation
and integration involving Brownian motion. The foundation rests on Itô’s Lemma, which
provides a stochastic chain rule. Itô’s Lemma (one-dimensional): If \( X_t \) follows an Itô
process: \[ dX_t = \mu_t dt + \sigma_t dW_t, \] and \( f(t, X_t) \) is sufficiently smooth
(twice differentiable in \( x \), once in \( t \)), then: \[ df(t, X_t) = \left( \frac{\partial
f}{\partial t} + \mu_t \frac{\partial f}{\partial x} + \frac{1}{2} \sigma_t^2
\frac{\partial^2 f}{\partial x^2} \right) dt + \sigma_t \frac{\partial f}{\partial x} dW_t.
\] This formula is fundamental for deriving differential equations governing derivative
prices.

Modeling Asset Prices: The Geometric Brownian Motion

The most basic continuous-time model for stock prices is the Geometric Brownian
Motion (GBM): \[ dS_t = \mu S_t dt + \sigma S_t dW_t, \] where: - \( S_t \): asset price at
time \( t \), - \( \mu \): drift (expected return), - \( \sigma \): volatility, - \( W_t \): standard
Brownian motion. Properties: - Log-normal distribution of \( S_t \), - Continuous paths, -
Markov property: future evolution depends only on the current state. Solution: \[ S_t =
S_0 \exp \left( \left( \mu - \frac{1}{2} \sigma^2 \right) t + \sigma W_t \right), \] which



provides a closed-form expression for the distribution of \( S_t \).

Risk-Neutral Measures and Pricing

A core concept in continuous-time finance is the change of probability measure from the
real-world measure \( \mathbb{P} \) to a risk-neutral measure \( \mathbb{Q} \). Under \(
\mathbb{Q} \), discounted asset prices are martingales, simplifying derivative valuation.
Key steps: 1. Girsanov’s Theorem: Allows changing the drift of Brownian motion,
transforming the real-world measure into the risk-neutral measure. - Under \(
\mathbb{Q} \), the dynamics of \( S_t \) become: \[ dS_t = r S_t dt + \sigma S_t
dW_t^{\mathbb{Q}}, \] where \( r \) is the risk-free rate, and \( W_t^{\mathbb{Q}} \) is
a Brownian motion under \( \mathbb{Q} \). 2. Martingale pricing: The arbitrage-free
price of a derivative with payoff \( \Phi(S_T) \) at maturity \( T \): \[ V_0 = e^{-rT}
\mathbb{E}^{\mathbb{Q}} [ \Phi(S_T) ], \] where the expectation is taken under the
risk-neutral measure.

Derivation of the Black-Scholes Equation

Using stochastic calculus, the famous Black-Scholes PDE is derived by constructing a
riskless hedge portfolio. Steps: 1. Construct a portfolio: - Hold \( \Delta \) units of the
stock and a short position in the option. - The portfolio value: \[ \Pi_t = V(t, S_t) - \Delta
S_t, \] where \( V(t, S_t) \) is the option price. 2. Apply Itô’s Lemma: To the option price:
\[ dV = \frac{\partial V}{\partial t} dt + \frac{\partial V}{\partial S} dS + \frac{1}{2}
\frac{\partial^2 V}{\partial S^2} (dS)^2. \] 3. Choose \( \Delta = \frac{\partial
V}{\partial S} \): to eliminate stochastic terms, making the portfolio riskless. 4. No
arbitrage condition: The portfolio earns the risk-free rate: \[ d\Pi_t = r \Pi_t dt, \] which
leads to the Black-Scholes PDE: \[ \frac{\partial V}{\partial t} + r S \frac{\partial
V}{\partial S} + \frac{1}{2} \sigma^2 S^2 \frac{\partial^2 V}{\partial S^2} - r V = 0.
\] Solution: The explicit solution for a European call option: \[ C(S, t) = S N(d_1) - K e^{-
r(T - t)} N(d_2), \] where: \[ d_{1,2} = \frac{\ln(S/K) + (r \pm \frac{1}{2} \sigma^2)(T -
t)}{\sigma \sqrt{T - t}}, \] and \( N(\cdot) \) is the cumulative distribution function of the
standard normal.

Advanced Topics in Continuous-Time Models

Stochastic Volatility Models

Real markets exhibit volatility clustering and stochastic volatility. These are modeled via
processes such as: - Heston Model: \[ \begin{cases} dS_t = r S_t dt + \sqrt{v_t} S_t
dW_t^S, \\ dv_t = \kappa (\theta - v_t) dt + \xi \sqrt{v_t} dW_t^v, \end{cases} \] where
\( v_t \) is the stochastic variance, \( \kappa \) the mean-reversion speed, \( \theta \) the
long-term variance, \( \xi \) the volatility of volatility, and \( W_t^S, W_t^v \) correlated
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Brownian motions. Implications: - More realistic modeling of implied volatility surfaces. -
More complex PDEs and characteristic functions for pricing.

Jump-Diffusion Models

To incorporate sudden large moves, jump processes like Poisson jumps are added: \[
dS_t = \mu S_t dt + \sigma S_t dW_t + S_{t^-} dJ_t, \] where \( J_t \) is a jump process
with jump intensity \( \lambda \) and jump size distribution. Applications: - Pricing
options with jump risk. - Better fit to market data exhibiting jumps.

Interest Rate Models

Continuous-time models extend to the term structure of interest rates, e.g.: - Vasicek
Model: Mean-reverting Ornstein-Uhlenbeck process. - Hull-White Model: Extends
Vasicek to fit current yield curves.

Questions & Answers About stochastic calculus for
finance ii continuous time models

N
o

Question Answer

1 What are the key differences
between Itô calculus and
classical calculus in
continuous-time finance
models?

Itô calculus extends classical calculus to stochastic
processes, allowing differentiation and integration
with respect to Brownian motion. Unlike classical
calculus, Itô's lemma accounts for the quadratic
variation of stochastic processes, making it
essential for modeling asset prices driven by
Brownian motion in continuous-time finance.

2 How is the Itô integral used
in modeling asset prices in
continuous-time finance?

The Itô integral enables the integration of
stochastic processes, such as Brownian motion,
with respect to time. In finance, it models the
stochastic component of asset price dynamics,
capturing the randomness inherent in markets, and
forms the backbone of models like the
Black–Scholes equation.

3 What is the significance of
the Itô’s lemma in
continuous-time finance
models?

Itô’s lemma provides a way to find the differential
of a function of a stochastic process, facilitating the
derivation of SDEs for transformed variables. It is
crucial for deriving option pricing formulas and
understanding how functions of stochastic
processes evolve over time.



4 How do stochastic
differential equations (SDEs)
relate to continuous-time
models in finance?

SDEs describe the evolution of asset prices and
other financial variables by incorporating both
deterministic trends and stochastic shocks. They
form the mathematical foundation of continuous-
time models like geometric Brownian motion,
enabling analysis and simulation of financial
processes.

5 What role does the Girsanov
theorem play in changing the
measure in stochastic
calculus for finance?

Girsanov theorem allows for a change of probability
measure, transforming a drifted Brownian motion
into a standard Brownian motion under the new
measure. This is fundamental in risk-neutral
valuation, enabling the pricing of derivatives by
working under the risk-neutral measure.

6 Why are martingale
properties important in
continuous-time financial
models?

Martingales represent fair game processes where
the conditional expectation of future values equals
the present. In finance, asset prices under the risk-
neutral measure are modeled as martingales,
which simplifies pricing and hedging of derivatives.

7 How does stochastic calculus
facilitate the derivation of
the Black–Scholes PDE?

Stochastic calculus, through Itô’s lemma,
transforms the dynamics of the underlying asset
into a partial differential equation. This PDE, the
Black–Scholes equation, provides a framework for
option pricing by eliminating the stochastic
component under risk-neutral valuation.

8 What are the practical
challenges of implementing
continuous-time stochastic
models in finance?

Practical challenges include discretization errors
when simulating continuous processes, parameter
estimation from market data, handling model
misspecification, and computational complexity.
Despite these challenges, stochastic calculus
provides a rigorous framework for understanding
and modeling financial markets.

stochastic calculus, finance, continuous time models, Itô calculus, Brownian motion,
stochastic differential equations, Black-Scholes model, martingales, filtration, risk-
neutral valuation
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